Part 1. Comparing Hourly Rates

Stuart is trying to decide which of two job
offers to accept for summer employment. He
could work as a shipper at the local lumber
store, where he would be paid $11.50/h.

The other job is with a student-operated house-
painting business where he would earn $450 for
each house that is painted.

Think, Do, Discuss
1.

Reciprocal Functions

What information does Stuart need to
calculate the hourly rate for painting houses?

If Stuart takes 40 h to paint a house, what is the hourly rate?

Suppose Stuart wants to determine the hourly rate of pay if he takes less than
40 h to paint a house, or if he takes more than 40 h to paint a house. Copy and
complete the table to show the hourly rate, y, for the hours worked, x, to paint
one house.

Hours Worked, x (h) 1 10 15 20 25 30 35 40 45 50

55

Hourly Rate, y ($/h)

What happens to the hourly rate as the number of hours increases? Explain why
the hourly rate is represented by y and why the number of hours worked is
represented by x.

Write an equation for the relationship between the hourly rate, y, and the
number of hours worked, x. Enter the equation into a graphing calculator and
graph it. Restrict the domain to only positive x-values.

Describe the graph. According to the graph, what happens to y as x becomes
very small, that is, close to 0? What happens to y as x becomes very large?

How would the graph change if the rate of pay increased to $550 per house?

For each line in the table, calculate the product xy. What do you notice? Why
does this happen? This type of relationship is called inverse variation. What
other quantities vary in this way?

What factors, other than the speed at which Stuart can paint, might influence
the time it takes to paint a house? Which job would you advise Stuart to take?
Explain your answer.
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Part 2: The Reciprocal Function f(x) = —

X
In Part 1, the value of one variable in the relation increased while the value of the
other variable decreased. The products of corresponding x- and y-values were constant.

This relation can be described by xy = k, ory = ; and is called inverse variation.
There are many real-life quantities that vary in this way. They can be modelled by

functions in the form f (x) = ; The simplest of these functions is f (x) = %

Think, Do, Discuss
1. f(x) = % is a reciprocal function. Explain why this name is appropriate.

2. Enter the function into a graphing calculator and adjust the window
(Xmin=-5, Xmax=>5, Ymin=->5, and Ymax=>5). Then graph. Describe the
shape of the graph and any special features. This graph is called a hyperbola.

Use the Table feature of the graphing calculator to do the next few questions.

3. What happens to the value of y as x becomes very large, for example, greater
than 1000? What happens to y as x becomes very small, for example, less than
—10007? Describe the graph for both situations. Does the graph meet or cross the
x-axis? How do you know?

4. What is true about the value of y when (a) x is close to 1? (b) x is close to —1?

5. What happens to the value of y as x decreases from 1 to 0? as x increases from
—1to0?

6. In the table, what is the y-value for x = 0? What does this y - value mean?
What is the domain for the function f (x) = %? What is the range?

7. As x gets closer and closer to 0, the graph approaches the y-axis but never meets
it. The y-axis is an example of a vertical asymptote. The graph also has a
horizontal asymptote. What is its equation? How do the equations of the
asymptotes relate to the domain and the range of f ? Since the asymptotes are
perpendicular for this hyperbola, it is called a rectangular hyperbola.

8. Find the equation for the inverse of f (x) = % that is, f ~1(x). What do you
notice? Does this result seem reasonable from the graph? Explain your answer.

9. The inverse of a function is written as f ~1(x). However, [f (x)] ! refers to the

reciprocal function. Explain the difference between the inverse of a function,

f ~1(x), and the reciprocal of a function, % Use examples of each function

and discuss the domain and the range in each case.

10. Using your knowledge of transformations, how would the graph of each function

compare to the graph of f (x) = %? Check using a graphing calculator.

@) f(x)z%[Hint:%sz)] (b) F(x) == © f(x)=—=

11. Write each function in question 10 as a power of x. In this form they are power
functions.
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Part 3: Making Connections Between the Graphs

of Functions and Their Reciprocals

Can you tell from the graph of a function how the graph of the reciprocal of that
function will look? In this investigation, you will compare the graph of y = f (x) with

the graph of y =

1

00 to discover some common properties.

Think, Do, Discuss

1.

On a graphing calculator, adjust the window to (Xmin=-5, Xmax=5,
Ymin=-5, and Ymax=5).
Graphy = xandy = % on the same axes. At what points do the graphs

intersect? What are the y-coordinates of the points of intersection? Explain why
these values make sense.

. Where is the zero for the function y = x? What feature of the graph of

y = % exists at this x-value? Explain why this makes sense.

. What do you notice about the quadrants in which each graph occurs? When

y = x is close to the x-axis, where isy = %? When y = x is far away from the
1

X-axis, where isy = m’?
Repeat steps 1 to 3 for each pair of functions. When you enter the reciprocal
functions into a graphing calculator, you will need to include brackets around

each denominator. For example, enter the functiony = as Y2=1/(X+1).

1
x+1

@y=x+1landy= (b)y=x—2andy =

dy=3—-4andy =

Xx+1 X—2
1

() y=2x+5andy =

2Xx+5 33X —4

. On paper, sketch the graph of y = 2x — 1. Using your answers for steps 1 to 4

as a guide, sketch the graph of y = Use a calculator to verify your sketch.

2x—1°

. On a graphing calculator, change the window to (Xmin=—4.7, Xmax=4.7,

Ymin=->5, and Ymax=>5). Graph the functionsy = (x — 3)(x + 1) and

y = m on the same axes. You will need an extra pair of brackets
around the product in the denominator of the reciprocal function:
Y2=1/((X—3)(X+1)).

(@) At what points do the graphs intersect?

(b) What features of the graph of the reciprocal function exist at the zeros of the
quadratic function?

(c) Compare the shape of the graph of the reciprocal function with the shape of
the parabola. Consider the lines of symmetry, the quadrants that each graph
occupies, and the position of each graph.
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7. Repeat step 6 for each of the following pairs of functions.

1
@y=K&+2x-1y=G529x-1

1
G y=QL -G +x)y=1T"9a 0
1
©y=K-2%y=4"2¢
8. Sketch the parabola for the functiony = x2 + x — 6. First factor. Where are the
vertical asymptotes of the graph of y = m? Draw the asymptotes.
9. What points will the two graphs in question 8 have in common? Mark these
points on the sketch. For the graph above the x-axis, decide what will happen to
the graph of the reciprocal function to the right and left of the common points.
Use the distance of the parabola from the x-axis as a guide. Sketch those parts of

the graph fory =

X2+ x—6"
10. Determine the coordinates of the vertex. Use the y-coordinate of the vertex to
find the value of 7~ — corresponding to this y -value. Mark this point on

the sketch. Then decide what will happen to the graph of the reciprocal function
on each side of the common points below the x-axis. Sketch this final part of the

graph fory = m. Use a graphing calculator to verify your sketch.

Focus 4.6

Key Ideas

A relation has two variable quantities. If one quantity increases as the other decreases,
and the product of the two quantities remains constant, then the quantities vary
inversely. The relation displays inverse variation.

<
L
7

e An inverse variation can be described by the
equations xy = k, y = % ory =kx~1L

=
o
!

e The simplest function that displays inverse
. 1
variation is f (x) = -

e Thegraphofy = %shown here is called a
hyperbola.

This hyperbola has two congruent parts, one
in each of the first and third quadrants.

In real-world applications, often only one
branch is needed.

<|||| IIIIIIIIIII;
-10 0 X

-10 4
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e The domain of f (x) = = |s the set of real numbers except 0, D = {x Ox € R, x # 0}.
The range is also the set of real numbers except 0, R = {y Oy € R, y # 0}.

e Theinverse of f (x) = % isf ~1(x) = %

e An asymptote is a line that a function approaches but does not touch or intersect. The
graph of y = < has a vertical asymptote with equation x = 0 and a horizontal
asymptote with equation y = 0. In this case, the vertical asymptote occurs at the break
in the domain of the function, and the horizontal asymptote occurs at the break in the
range. Because these two asymptotes are perpendicular, the hyperbola is called a
rectangular hyperbola. In other types of hyperbolas, the asymptotes are not necessarily
perpendicular.

from the graph of y = f (x) using

* You can deduce the shape of the graph of y =

. . f(x) (X)
the following properties:

# At each zero of f (x), the graph of y = %

has a vertical asymptote

¢ The graph of y = always passes through

f( )
the points where f (x) = 1 orf(x) = —
¢ When f (x) is close to 1, m is also close
to 1.
When f (x) is close to —1, m is also close
to —1.

+ Both graphs occur in the same quadrants.

When f (x) is positive is positive.

: f(x)
When f (x) is negatlve, f( )

¢ Asf(x) gets larger, m gets smaller. As f (x) gets smaller, % gets larger.

is negative.

Example 1

The distance from Ottawa to Sault Ste. Marie is about 850 km. Create a table
showing the time, X, in hours, for the journey at an average speed, y, of 30, 40, 50,
60, 70, 80, and 90 km/h. Sketch a graph to show the relationship between x and y.
Write an equation for the relation. What is the effect on the time if the average speed
is doubled?
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Solution

Time, x (h) Average Speed, y (km/h) 100 Y
28.3 30 ]
21.2 40 80 -
17.0 50 = |
E 4
14.2 60 <
S 60
121 70 g
10.6 80 S
9.4 90 j:; 40 1
. o 850 i
An equation for the relation isy = ==, or xy = 850. i
20 1
In the table, you can see that the time at an average speed 1
of 60 km/h is half the time at 30 km/h, and the time at .
80 km/h is half the time at 40 km/h. O' I
20 40
Ify = % then 2y = % X 2. Time (h)
- @ The effect of doubling the average speed is to
2 halve the time of the journey.
Example 2
Sketch the graph of the function f (x) = 2X1+ 5 by first sketching the graph of
f(x) =2x+ 3.
Solution
The liney = 2x + 3 has slope 2 and x=-15 y

y-intercept 3. The x-intercept is —1.5.
The value of y is 1 when x = —1.
The value of y is —1 when x = —2.

y=2x+3

1#»
=

i o il il il i e i i i <] B
\I T i
1 T T T T N

T N T T T T T B =)

4.6 RECIPROCAL FUNCTIONS

343



Given thislinformation, you know the graph
ofy =

% + 3 y=2x+3

* has a vertical asymptote with equation
Xx=-15

 passes through points (—1, 1) and (—2, —1)

. 1
* hasy-intercept 3

Also, given the liney = 2x + 3, you know the
1

graph ofy = -~ —

* is in the first quadrant for x > 0

* isin the second quadrant for —1.5<x<0

« isin the third quadrant for x< —1.5

will be far from the x-axis when the line
will be close to the

_ 1
Finally the graph of y = - = — 1
y = 2x + 3 is close to the x-axis. The graph of y = -~ —
x-axis when the line y = 2x + 3 is far from the x-axis.

Example 3
1

Sketch the graph of y = - 5—=— by first graphing y = 2x2 — 7x — 4.
Solution

The graph of y = 2x2 — 7x — 4 is a parabola that y
opens up. From the factored form,y = (2x + 1)(x — 4),

you know that the graph crosses the x-axis at x = —% and

X = 4. The x-coordinate of the vertex is # = 1.75.

The y-coordinate of the vertex is
2(1.75)? — 7(1.75) — 4 = —10.125.

o

y=2x>-7x-4

T
Nl
o
=)

(4, 0) X

10

J/Q/IG‘-

'
(63}

N
o

(1.75, -10.125)
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Given this information, you know that the graph of

A Ve

=5

1

: 1 n
has vertical asymptotes at x = —= and x = 4 YER TR

has three parts to it

crosses the parabola wherey = 1andy = —1
1 1T 1T 17 17T

B T T == T R A A
=

* has a high point between the asymptotes at (1.75, m) -5
or about (1.75, —0.1)
Finally, the graph of y = ﬁ i 1

Practise, Apply, Solve 4.6

A

has y-intercept %4 = —0.25

N
o

5
€

is close to the x-axis when the parabola is far from the
x-axis and is far from the x-axis when the parabola is
close to the x-axis

1. Which of the following tables display inverse variation? Explain your answer.

@ % T v 1 ® %71y © % Ty
2 24 10 360 3 9
3 16 8 450 6 36
4 12 6 600 9 81
6 8 4 900 12 144

. Write an equation for each relation in question 1.

i. Determine the reciprocal y = % for each of the following functions.

ii. Determine the equations of the vertical asymptotes of y = %

iii. Verify your results from (ii) using graphing technology.
(@ f(x)=2x )f(x)=x+5 ) f(x)=x—4
(d) f(x)=2x+5 e f(x)=-3+6 (f) f(x) = (x — 3)?
(@ f(x) =x2—-3x—-10 (h)f(x)=3x2—4x—4
Copy and complete the table. Sketch thle graphsofy = f(x) andy = %
Find equations fory = f (x) and y = 0"

X | -4 |-3|-2|-1]0 1 2 3 4 5 6 7
fox) | 16 | 14 |12 | 10 | 8 6 4 2 0 | 2 |-4| -6

1
f(x)
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5. Sketch the graph of the reciprocal function for each of the following functions.

(@) y (b) Ty

k]
'\ ] y = f(x)
X i X

I-ISIIII\QIIIIéI

y=f()

-5

T == I N B
T =)

a1
1
(62}
1

6. In the table, one value of y is incorrect. Sketch the graph to identify and correct
the error. Determine an equation for the relationship between x and y.

X 3 4 5 6 7
y 105 | 875 | 63 | 525 | 45

7. The relationship between the time it takes for a car to accelerate to a given speed
from rest and the acceleration is an inverse variation. It takes 6 s to reach a
certain speed when the acceleration is 10 m/s2. Find the time it takes to reach
the same speed when the acceleration is 12 m/s2. Write an equation to describe
the relationship.

8. The current I, in amps (A), flowing through a light bulb can be given by | = %

where W is the power, in watts (W), and V is the voltage, in volts (V).

(@) How much current flows through a bulb marked 60 W, 100 V when it is lit?

(b) What total power could be obtained from a 110-V supply that is protected

by a 15-A fuse?

(c) Describe the relationship between | and W for a fixed voltage supply.

9. (a) Sketch the graph of the function f (x) = - Jlr > by first sketching the graph
of f(x) =x + 2.
(b) State the domain and the range of f (x) = i >+ What is the inverse
function?
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10.

11.

12.

13.

14.

15.

16.

17.

Knowledge and Understanding: Sketch each pair of graphs on the same axes.
For each reciprocal function, state the domain and the range and find the
equation of the inverse function.

(8 y=x-landy=_"7 (b)y=5—xandy =

5—x

Sketch each pair of graphs on the same axes. State the domain and estimate the
range for each reciprocal function.

1
(a) y=2x—5,y= 2x — 5

1
(b)) y=3x+4,y=5"72

1

©y=-xy=—=
Sketch the graph of y = 2X2+—15X_3 by first graphingy = 2x2 + 5x — 3.
For each case, draw the graph ofy = f(x) andy = f(x) on the same axes.
(@ f(x) =x2—-4 (b) f(x) =(x—2)2?-3
(c) f(x) =x2—3x+2 (d) f(x) = (x + 3)?
(e) f(x) =x2+2 ) fx)=-x+432+1

Communication: Explain how you would use a sketch of the graph of

y = x2 — 3x — 10 to sketch the graph of y = m.

For each function, draw f (x), f( )’ and f ~1(x) on the same axes. State the
domain and the range.

(@ fx)=2x+1 (b) fx)=x2-1 ) fx)=Vx—4-3
Check Your Understanding: Describe the properties of the function f (x) = =
and how it is related to the function f (x) = x. For what real-world situations
would a function of the form f (x) = % be a useful model? If you were given
some data, how would you determine if the model was appropriate?

The data in the table are modelled by a relation in the formy = 5 + b.

X 1 2 4 7 10
y 55 4 33 | 29 | 28

(a) Calculate = for each value of x in the table.
(b) Plot the ordered pairs ( y) and fit a line through the points.

(c) Find the slope and y-intercept. Write the equation of the original
relationship.
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18. Thinking, Inquiry, Problem Solving: In the graph of f (x) = % you can

estimate the shaded area under the graph from x = 1 to x = 3 by counting the
shaded squares.

0 1 2 3 4 5 6 7 8 9 10 11

Call this area A(3). From the graph, A(3) = 1.1 (17 small squares). Copy and
complete the table.

x |1 (2 |3 |4 |5 |6 |7 |8 |9 |10]12
AKX

You should find that A(2) + A(3) = A(6). Complete the following statements.

(@) A@3) + A4) = A(m) (b) A(2) + A@4) = A(m)
(©) A(10) — A(2) = A(m) (d) A(9) = (m) X A(3)
Use the table to estimate each of the following.

i. A(18) ii. A(25) iii. A(2.5) iv. A(4.5)

19. Application: Determine the equation of the function in the graph.

y
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