Simplifying Rational Expressions [Xs]

You have seen that a function such as f (x) = 2x + 5 has a reciprocal function, g(x),

where g (x) = L In this case, g(x) = L The expression is also an

1
f(x) T2 +5" 2Xx+5

example of a rational expression. Rational expressions occur not only in rational
functions but also in problem solving and further theoretical work in mathematics.

Think, Do, Discuss

1. Compare these two lists.

Expressions that are rational Expressions that are not rational
x? X
x?—4 Vx —1
4 2
X+2—; 1_X_W
3
4x4 4+ 3x2 —2x — 1 x4 —2x2 +4x — 1
i1 1 i1 1
h<x+h x) h(\/x+h W)
1 1
x2—2x+1 . x—1 x2—2 N x2+2
X2—x X x—4 1
x2 42

Given these examples, describe a rational expression. Explain your answer.

2. Rational expressions represent variable quantities and since they have variables in
the denominator, you must ensure that the variables do not take values that
would make the denominator equal to zero. Therefore, you must restrict the

» J): > Is defined only when x # —2. What

values of the variables. For example,

5y
- )
are the restrictions for X(y— 3%

3. Simplifying rational expressions is the same as simplifying rational numbers.

12 14Xx3 3 N .
For example, 75 = jx 4 = 2 How would you simplify the expression
6x — 9 ” .
4x — 6"

4. When you simplify a rational number, the simplified number has exactly the
same value as the original number. The two numbers are exactly equivalent and
interchangeable. When you reduce a rational expression, the reduced expression
must have the same restrictions as the original expression. For what values of x is
(3x —5)

(x —4(Bx —5)

all the restrictions on a variable before reducing a rational expression.

What is the reduced expression?

the expression not defined? Explain your answer. You must state
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12xy3 . . .
QXzy ? Simplify the expression.

8x(x — 2y)7

. 1
6. What are the restrictions for X2 —y)

5. What are the restrictions for

Simplify the expression.

. . . - . 3X2—-Tx+4 .
7. What is the first step in deciding whether the expression = 5——is

simplified? Simplify the expression, if possible, and state any restrictions.

Focus 4.8

Key ldeas

« A rational expression is a sum, difference, product, or quotient of terms, each of which
could be written as a quotient of polynomials. A rational expression must have at least one
rational term. No variable in a rational expression can be under a fractional exponent.

» Simplifying a rational expression is the same as simplifying a rational number. You
may divide the numerator and denominator of a rational expression by any nonzero
factor of the numerator or denominator.

A rational expression cannot be defined when its denominator is O.

» When stating or simplifying a rational expression, exclude any value(s) of the variables that
would make the denominator 0. In other words, state the restrictions on the variables.

L fOh(x) . f(x) .
* An expression in the form 0Oh) 18 equal to )’ provided g(x) # O and h(x) # 0.

» When a rational expression is simplified, it is often necessary to factor the numerator,
or denominator, or both.

Example 1

For each of the following, state the restrictions on the value(s) of the variable(s).
6x %z 5x — 15 m2 4+ 5m — 6

@ S (b) S7—% ©) sm®—smz—am

Solution

For each case, find the value(s) of the variable(s) that make the denominator 0.

(@ For2xy =0,x=0ory = 0. The restrictions are x # 0 and y # 0.

(b) Letx2 — 9 = 0, then factor. (c) Let6m3 — 5m2 — 4m = 0, then factor.
x=3)(x+3)=0 m(m2 —5m — 4) =0
X= %3 m(2m + 1)@3m — 4) = 0
The restrictions are x # *3. 1 4
m=0orm= —yorm=~
The restrictions are m # —%, 0, or %.
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Example 2

Simplify and state any restrictions.

3x — 12 Xy — x?
@ -1z 0) =3
Solution
3x—12 3(x—4) B W —x2  x(y—x
(a) )(Z_X_]_Z_()(_;,_3)()(_4_),)(7é 314 (b) x2y—y3_y(x2—y2)’y¢o

X + 3’ yx+y)x—y)’
—X

y(x+y)

y # 0,and x # *y

Example 3

. . . . (t3—2t2—3t)a
An expression for calculating the drug dose for young children is ~— 75—,
where t is the age of the child in years and a is the adult dose in milligrams.

The adult dose for a pain-killing drug is 300 mg. What is the drug dose for

(@) atwo-year-old child? (b) a three-year-old child?

Solution
Calculating will be much easier after simplifying the formula.

Begin by factoring the numerator and the denominator.
(t3—2t2—3t)a _ t(t>?—2t—3a

24t2 — 72t T 24t(t—3)
_tt=3)(t+ Da
T 24t(t - 3)
_ (t+Ma
=7 1#0,3
(@ Ifa=300andt = 2, then % =375

The dose is 37.5 mg.

(b) Since t # 3, you cannot substitute the value 3 in the formula.
However, use t = 2.9999 or t = 3.0001 to estimate the dose.

2.9999 + 1)300 . 3.0001 + 1)300 .
(29999 L1300 - g, or 2O0L 130 - 5

The estimated dose for a three-year-old child is 50 mg.

In either case,

Practise, Apply, Solve 4.8
A

1. For each rational expression, state the restrictions on the value(s) of the

variable(s).
-2 4 —3m?2n?2
(@ 3 (b) 37 © “gmn
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—4x3(x — 3) -1 —8@+h)
A %3 ©® G- 4)(p +2) ) 2@+
_4(m +3) 3(2x + 1) 3a(a+2)
() 8m(m + 3) (h) 5(2x — 3) (i) 4a(3a + 4)
2. (a) Factor 4x + 12. (b) Factor 5x + 15.
¢) Use your answers from (a) an to simpli at restrictions
(©) U from (a) and (b) lify o 2. Wh
apply to x?
3. Identify which of the following are equivalent to EL_b
a-+ b a+b a+b b+a
@ - (b) — ©——p-a d - =%
4. Slmpllfy.
x+y v —x X~y
@ 5% 0) == © —5=%»
—(y +x) —(y =X X—y
@ oy © —~ )
5. Simplify and state the restrictions.
X =2 4y@y — 4) (x — )B3x + 5)
@ Grox-2 O F=aG+a © e+
6. (a) Factor k? — 4. (b) Factor 3k? + 5k — 2.

. . k2 -4
(c) Slmpllfym

7. (a) Factor 6p2 + 30p + 36 as fully as possible.
(b) Factor 3p2? — 3p — 18 fully.

. State the restrictions.

(c) Slmpllfyw State the restrictions.

8. Simplify each rational expressmn and state the restrictions on the variables.
@wim  Oos  Omeme  @s
O 05 0% n O nas

9. Knowledge and Understanding: Simplify and state the restrictions.
36x%y 6x + 24 —4 x2 — 10xy + 25y?2

@) 16y () 416 © ez @ 5
10. Simplify and state the restrictions.
6m2 —2m — 4 2a2+5a—3 40 + 6x — 18x2 9x2 — 1
@ e 2 0% —7ars  © o100 @ocieeix

11. Communication: What does the word restrictions mean in connection with a
rational expression, and why must you state the restrictions? Explain using
examples.

12. (a) What is thze relation ?etween the expressions x — yandy — x?
o -2 . .
(b) Simplify % and state the restrictions on the variables.

13. Simplify and state the restrictions.

4a2 — b2 Xx2—2x+1 kz2 — 10k + 25
@ 52 O) 75— © 2wz
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14. Two expressions for calculating the drug dose for young

(2t3 + t

Z—t)a (3t2 — 2t)a

where t is

children are

the age of the child
the adult dose for a
what is the dose, to

(@) a one-year-old child?

48t2 — 24t 3t2 + 34t — 24

and
in years and a is the adult dose. If
pain-killing drug is 250 mg, then
the nearest unit, for

(b) an eight-month-old child?

15. Thinking, Inquiry,

. surface area
the ratio olume

affects the ratio mo
Justify your answer.

16. Check Your Understanding: Craig simplified

Is Craig correct? If

17. Under what conditions is —

18. Application: The ¢

t hours after it is taken orally, is given by >

pain-killing drug B

Problem Solving: Find a simplified expression to represent
for a cylindrical can with height h and base radius r. What
re, a change in the height or a change in the base radius?

a? — 5h? to &- 5b
2a2 — 9ab — 5h? 2a—b’
not, explain where he made his error.

4¢3 —7x2 = 3x 23+ x%2—-X true?
12X + 13x2 — 4x3 ~ 2x3 — 9x2 + 4x '

oncentration of pain-killing drug A in the bloodstream,

t4 — 1012 _
54 and the concentration of

in the bloodstream, t hours after it is taken orally, is given
3t2 — 12t

by the expression g2+ 5 - 20 - Simplify both expressions. Which drug, A or
B, needs to be taken more often? Justify your answer.

CP14.

CP15.

CP16.

CP17.

The Chapter Problem—Fundraising

If C(x) is the cost of producing x items, then the average cost function

isAC(x) = @ Find the average cost function for your chosen
supplier. Graph this function and state the domain.

How many T-shirts must be sold so that the average cost per T-shirt is
less than $5?

If P (x) is the profit earned from producing and selling x items, then

the average profit is modelled by the function AP (x) = @. Find the

average profit function for your chosen supplier. Graph this function
and state the domain.
At what point is the average profit a maximum?
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