SKILL

Dividing Complex Numbers Eai{o]6RsmE:

Functions and Relations

It is not possible to divide by a complex number directly, because the denominator
has two independent terms. Overcome this difficulty using the product property of
conjugate complex numbers. In other words, recall that zz is always a real number.

Example 1

Express in the form a + bi.

2+ 3i 2 34
@ 53 (b) T=5 © =5
Solution

In each case, multiply by % where z is the complex number in the denominator.
This is the same as multiplying by 1.

(@) In this case, 5 + 2i is the complex (b) 1 2_ i (c) ?
conjugate of 5 — 2i. Multiply the ) L sii i
numerator and denominator by 5 + 2i. =1 X711 =5 X
2+ 3i 21 +i) _ B+
5 - 2i T a-na+i RGN
_2+3i 5+2i 2 + 2 —3i —j2
T 5 -2 54 2i =1 e = —j2
_ (2+3i)5 +2i) o 2+2i _=3i—(-1)

(5 —2i)(5 + 2i) T 1-(-1) )
10 + 4i + 15i + 6i? 2+ 2i 1—3i
= 25+ 10i — 10i — 4i2 =" =71
_ 10 +19i + 6(—1) =14+ =1 —3j

25 — 4(-1)
4419
29

4 | 19.

29 T 29!

Example 2

Find the reciprocal of each of the following.

(@ 1-—2i (b) a + bi

Solution

11 1+2i 11 a — bi

@ 175~ 1-2%1+a ®) T35 = v o Xaoi

1+ _a—bhi
T 1 4i2 " a? - b2
142 1. 2 _a—hi a b .
- 5 5 " 5! “az+pz O zipz T Rzapl!
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Example 3

Solve for z.
@ B+4i)=z(1+1i) b) 2—-i)+3z=@1A+i)
Solution
(a) @+4i)=z(1+1i) by @-i)+32z=@1+i)
G4 _, 2—i+3z=z+1z
1+i) . .
@) @-i) 2—i=-2z+1zi
(1+1) @a-iy 2—1=2z(-2+1)
3+i—4i2 o _i
1-iz 7 —2+i ‘
3+i+4 ) .
= 2—-i)(=2-1)
1+1 — N,y =7
S (=2+i)(—-2—-1)
2 ¢ —4+i2
7 1. 4—qz ¢
7 TRl =1 —4+ (D) _
4 —(—1)
=5 _
g =
—-1+4+0i=z
Focus 4.10U
Key ldeas

 Simplify a quotient of complex numbers by making the denominator a real number.

e To divide complex numbers, multiply the numerator and the denominator by the
conjugate of the denominator.
a+bi:a+bi c—di
¢+ di c+di c—di
_(a+bi)c — di)
a c2+d2

Practise, Apply, Solve 4.10U

In these questions a and b are real numbers, unless stated otherwise.

A

1. Write the complex conjugate for each complex number.
@ 1—i (b) —1 + 2i ) V3 —i
3
d) —2 + V2i € —5— 3 i (f) X + i
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10.

11.

12.

13.

14.
15.

16.

. Write the reciprocal for each complex number in question 1. Then express each

reciprocal in the form a + bi.

Express in the form a + bi.

@35 O O Orm @55
O3 @5 W5 05T 0 sy

Ifz, = V3 +iandz, = V3 — i, then express -~ in the form a + bi.
2

Ifz=3—iandw =1 + 2i, then expressﬁ in the form a + bi.

Z; 7

Ifz, =1—1iandz, =7+ i, then express in the form a + bi.

22,

Express 31%")2 in the form a + bi.

(

Compare dividing complex numbers with dividing real numbers. In what ways
are the methods similar? different? Is it possible to apply the method for dividing
complex numbers to dividing real numbers? Explain your answer using examples.

Is it necessary to state restrictions on the variable when dividing complex
numbers? Give examples with your explanation.

(@) Ifz =3 + 4i, then express z + % in its simplest form.
(b) If z = a + bi, then find the real and imaginary parts of z + %

Solve for z and express in the form a + bi.

@ BG-21)=z(1-1) b)y@B+2)+z=(01-i)z
() 4z—z(3+i)=—-1+3i (d)y z(6 — 3i)> =4 + 3i
Find the real and imaginary parts of each of the following.

2 3 1 1
@ 357+ 255 ®) 75 ~a b

_ _a __ b
For the complex numbers z, = 7——, z, = 7 5;, Where a and b are real

numbers, z, + z, = 1. Determine the values of a and b.

. i > = 2 — i. Find the real and imaginary parts of z.
Check Your Understanding: State the product property of complex conjugates.
Show how to use this property to express a quotient of complex numbers as a

single complex number in the form a + bi. Include an example.

The complex number z satisfies

Solve for the complex numbers z and w, in the form a + bi.
z+(Ll+iw=1-2i
1+ 2i)z—2iw=9 +6i
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