The Chapter Problem—What Time Is It? Answers

By the end of this chapter, students should be able to provide comprehensive, well-explained solutions to
the problem.

The formula for the distance, x, that the pendulum swings from the centre point, or rest position,

0 | 0
isXx=M COSE[\@E, where

[ is the length of the pendulum,
M is the maximum value of x, and
t is the time, in seconds, since the pendulum was set in motion.

The period of a pendulum is the time the pendulum takes to return to its point of release. The period
represents two swings, one to the right and one to the left.

In this problem, the pendulum (as in a clock) moves continuously, because of the yoke, as described in
the original problem on page 494. The formula uses radian measure.

Section 6.1

CPl. Suppose a 50-cm long pendulum is pulled back 30 cm from the rest position. Determine
the angle that the pendulum passes through on the first swing. That is, find the angle
from its starting point to the point where it changes direction.

[=50cmand x =30 cm
A

I =50 cm

\ [

sinA=@
50

sinA=0.6
OA 37
20~ 74

The angle from the starting point to the point where it changes direction is about 37°.
The angle for one complete swing of the pendulum is 74°.
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0 [9800
(Note: Here is a graph of x= BOCosEh %)Ewith domain 0 s to 6 s.)
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CP2.  How far must the pendulum be pulled back to pass through

(a) aright angle?

one swing

For a complete swing through 90°, use [J4 =45°. /=50 cm and x = ?

sin 45° = X
50
x=50sin 45
x =35
Pull the pendulum back about 35 cm for the pendulum to pass through 90°.
(b) an angle of 120°?

For a complete swing through 120°, use J4 = 60°. /=50 cmand x =?

sin 60° = X
50

x =50sin 60
X =43

Pull the pendulum back about 43 cm for the pendulum to pass through 120°.
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CP3.

How long will the pendulum take to complete the swing? one period?

(Refer to section 5.6.)

0 0 2
Compare X = Mco 980 to y = a cos kB, whose period is lly
I H K

The period is _an or 2T + %) for any length of this pendulum.
[980 A
|

At the moment the pendulum is released, M =30 cm and / = 50 cm.

U JogoL
x =30 cos%t EE
x =30 cost119.
The period is
21 +k =21 /196
=1.419 226 895

One period equals two swings, so one swing is 0.5 periods.
1.4%x0.5=0.7

This pendulum takes about 0.7 s to complete one swing and about 1.4 s to complete one
period.

Section 6.2

CP4.

Assume the pendulum is 80 cm long. How far must it be pulled back from the centre or

: . STt
rest position (horizontal distance), to swing through an angle of ) ?

This solution is similar to the solutions for questions CP2 (a) and CP2 (b).

For a complete swing through %[, use LA 5—T6[ /=280 cm and x = ?, and set the

calculator’s mode to radians.

. b5m x

sin—=—

16 80
x=803in5—n
16

X=66.517 568 98

Store this value in the calculator’s memory for later use.
Pull the pendulum back about 66.5 cm from the centre so that the pendulum will swing

through an angle of 5—”
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CP5.

CP6.

How long will this pendulum take to complete one swing? one period?
(The solution to this question is similar to the solution for question CP3.)

At the moment the pendulum is released, M = 66.517 568 98 cm and / = 80 cm.

XxX=M cos%,\/@ E

g | 0
X=66.517 568 Q&OSH\%)E
The period is
2 +k =21+, /@
80
=1.795195 802

One period equals two swings, so one swing is 0.5 periods.
1.8 x0.5=0.9

This pendulum takes about 0.9 s to complete one swing and about 1.8 s to complete one
period.

Does the pendulum need to be longer or shorter than 80 cm for one swing to occur in
1 s? Explain your reasoning.

Solution for the Functions and Relations course:
Consider the solution for question CP5.

The period is

2~k =21 ﬁ/ﬁ)
80

=1.795195 802

This pendulum takes about 1.8 s to complete one period and about 0.9 s to complete one
swing.

For one swing to occur in 1 s, the time of the period, 1.8 s, must increase to about

2 s. Then the denominator in \/% , which represents the length of the pendulum, must
also increase to about 99.45 cm.

Solution for the Functions course:

Choose a pendulum that is shorter than 80 cm and choose another pendulum that is
longer than 80 cm, so /=70 cm and / = 90 cm, respectively.

For /=70 cm, the period is

21T+ | %) =1.679 251908

The period is about 1.7 s and one swing takes 0.5 x 1.7, or 0.85 s.
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For /=90 cm, the period is

21+ %800 1.904 092 688

The period is about 1.9 s and one swing takes 0.5 x 1.9, or 0.95 s.

Since the longer pendulum (90 cm) takes more time to complete one swing, the
pendulum must be longer than 80 cm for one swing to take 1 s.

Section 6.6

CP7. A 70-cm long pendulum is released at a distance of 8 cm from rest.
(a) Determine the period and the time of one complete swing.

M=8cmand/=70cm

X= McosatJ%OD

Xx=8 cosEt\

For I =70 cm, the period is

2T+ ,97800 1.679 251908

The period is about 1.7 s and one swing takes 0.5 x 1.7, or 0.85 s.

980D

(b) Graph the function that models this situation. Explain the meaning of positive and negative
values of the dependent variable, x.

. [l j9g0oU]
Use graphing technology to draw the graph of X = 8 Cosg % E

The values of x are positive when the pendulum swings right of the rest position. The values
of x are negative when the pendulum swings left of the rest position.

A
VU VA
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(¢c) Determine the pendulum’s distance from the rest position after 2 s.

(d)

t=2s,M=8cm, and /=70 cm. Set the calculator’s mode to radians.

x= 8C°SH2\ E;%OE

X=2.897896 67

After 2 s, the pendulum is about 2.9 cm from the rest position. (During 2 s, the pendulum
swings left, right, and then swings left again.)

Determine the four possible values for t when the pendulum is 6 cm from the centre point.

Use graphing technology. An alternative algebraic solution follows. M = 8 cm, /=70 cm, and
x=6cmorx=-6cm.

Forx=6,

6 —¢ 0 /9800
g~ 70 H
0.75= cosEt\ QSOD

Graph y=0.75and y= COSEI\ 805 and determine the points of intersection.

At t =0.193, the pendulum is right of the centre point, moving left, and at t =1.486s, the
pendulum is left of the centre point, moving right.

Alternatively, for x =6, graph y=6 and y=8 COSEI\ BOE and determine the points of

intersection.

For x =-6,
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Graph y=-0.75and y = COSEI\ 8OEand determine the points of intersection.

At t = 0.646s, the pendulum is left of the centre point, moving right, and at t =1.033, the
pendulum is left of the centre point, moving right.

IWAWAWA
IVAVAVA

| % W W
Interseckion
n=.BMB4BE71 Y=-7FE

8ot
Alternatively, for x =—6, graph y=—6 and y=8 COSEI\ 9 Eand determine the points of

intersection.

At about 0.193 s and 1.486 s, the pendulum is 6 cm right from the centre point. At about
0.646 s and 1.033 s, the pendulum is 6 cm left from the centre point. (Find more #-values by
adding the period, which is about 1.679 s, to these four values.)

Alternative Solution:

M=8cm,/=70cm, and x =6 cm or x =—6 cm. For x =6,

6 O /9800

s~ S5t 7o F

0.75= cosEt\ 98005

0.75= cos(t\/Tél)

The cosine function is positive in quadrants I and IV. cos® Q 75)= 0.722 734 247 8

: : 3
t+/14 = Q. 723radians in quadrant I, and tv14 = 0,723+ > or about 5.435 radians in
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CP8.

CP9.

quadrant IV. Then t =0.2sand t =1.5s

Forx=-6, -0.75= COS(t«/Té‘r). The cosine function is negative in quadrants II and III.
cos’ (0 75)= 2.418 858 406

. . T
t+/14 = 2 419radians in quadrant II, and t\14 = 2 419+ E or about 4 radians in quadrant

III. Then t =0.646s and t=1.07s.

At about 0.193 s and 1.486 s, the pendulum is 6 cm right from the centre point. At about
0.646 s and 1.07 s, the pendulum is 6 cm left from the centre point.

980t
Use the model X=M COSE[\jI— E to determine an expression that represents the

period of the function when [ = 70 cm.

The period is independent of the value of M and is 27T+ g) For /=70 cm,

v

98
21T =+ +~+/14
70

=1.679 251908
(The period of the function is about 1.7 s.)

How long does the pendulum in a grandfather clock take to complete one full period?
(A period is two complete swings.)

In any grandfather clock, 1 swing takes 1 s. Two complete swings (to the left and back
to the right) takes 2 s. Therefore, a complete period takes 2 s.
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CP10. Use your answers from CP8 and CP9 to create an equation to determine the length of
the pendulum in a grandfather clock. Solve the equation.

A complete period is 2 s (from CP9). The period is also 211 +, /g) (from CP8 or CP3).

So
2=21 =+ @
2 @:Zn
980
— =TT
|
0[g80]
@D:T[Z
I O
980_
|
980= 1t
980_,
.’_[2

| =99.294 759 97
Therefore, in any grandfather clock, the pendulum must be about 99.3 cm long.
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