Challenge 1: Solution Guide

Management Suggestion

Students may be more comfortable expressing the side length of the cube as a number, rather than as a
variable. A unit cube, where each edge is 1 unit long, is conventionally used, but using the unit cube here
would lead to fractions. A better side length is 2 units.

H

(a) Each edge of the cube is x units long. To calculate angles in AABC, find the lengths of the sides.

top
X

F >

In AFHG, UH=90° and FH=HG =x.
By the Pythagorean theorem,
FG*=x*+ X
FG®=2x’

FG=+/2x

FA= L FG. S0 FA= Y2X.
2 2

In AABF, UAFB =90° and F'B = x.
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Cross section

Frm—7A

By the Pythagorean theorem,
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3 xXand BC = x. Now apply the cosine law.

V2
BC? = AR+ AC -2( AB( AQcos A
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3 3
x2==x?+>x?>-3x%cos A

In AABC, AB= AC=.

x? =3x? -3x°cos A
-2x? = -3x°cos A
2 cosA
3
120
R0
OA 481896851

OA cos

Because A4BC is isosceles and [IBAG 48 , then JABC and JACB each equal 66° EMB
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(b) We could calculate AD, but it is better to draw a perpendicular from 4 to M, the midpoint of DE.

Then we know that FB = AM = x and DM =%DE =§.
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In AADM,
X
tanD=x+—
2
tanD =2
O3 tan' @)

UG 63.434 948 82
Each triangular face of the pyramid meets the base at angle of about 63°.

(¢) InA4ADE, OD=" 63 . Then ODAE = 180° — 2(63°) or 53°. The angle between opposite triangular
faces is 53°.
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Challenge 2: Solution Guide

H

wiA

. Tt TT. . . .
(a) Substitute X = 3 and y = Em each equation to prove the identity.

sin (x +y) =sinx cos y + cos x sin y

L.S. R.S.
sin(x+vy) sinx cosy+ cox Sity
, TE _ T T T T
=sing—+— =sin— coSs—+ COS- SiA-
r% 6L 3 6 3 6
T 03030 AR
=sin— =0—03—
2 02 M2 E+EQD32D
=1 3.1
=—+4—
4 4

cos (x +y)=cosx cos y—sinxsiny

L.S. R.S.
cos (x+vy) COSX COgy— Sirx siry
=cos@+EH _COST—T coslT— SiHT—[ sinT—[
3 60 3 6

T
=C0S—
2

. . Tt
Therefore, these relationships are true when X = 3 and y=—
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(b) To develop an equivalent expression for sin 2x, let y = x.

L.S. R.S.
sin (x +) sin x cos y + cos x sin y
=sin (x + x) =sin x cos x + cos x sin x
=sin 2x =2 sinx cosx

Therefore, sin 2x = 2 sin x cos x. To develop an equivalent expression for cos 2x, let y = x.

L.S. R.S.
cos (x +y) COS X COs y —sin x sin y
=cos (x + x) = C0S X COS X — Sin x sin x
=cos 2x = cos® x —sin’ x

= (1 —sin® x) —sin” x

=1-2sin’x
Therefore, cos 2x = cos” x — sin” x or cos 2x == 1 — 2 sin’ x. Also, cos 2x = 2 cos’ x — 1, if, instead,
you had substituted the other form of the Pythagorean identity 1 — cos” x = sin” x.

(¢) Eliminate the ratios involving 2x by using the results from (b) and look for different forms of the

Pythagorean identity.
L.S. R.S.
1-c0oS2X + Sin2x tanx
1+C0S2X + Sinx _ sinx

_1-(cos x - sirf x 2 sirx cox | COSX
1+(cos’ X — sirf X 2 sirx cox

_1-cos x+ sirf x+2 Sirx cox
" 1+cod x — sirf Xx+2 Sink cox
_ sin? x+ sirf x+2 sinx cos

" cod x+ cog x+2 sirK cox

_ 2sin® x+2sinx cosx

 2c0¢ X+ 2 SinX Co

_ 2sinx(sinx+ cosx )

~ 2cosx (cox+ sirx )

_ sinx

COSX

- + i
Therefore, 1-cos2x s!n2x =tanx.
1+ cos2x + sin2x
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