form, f(x) = ax + bx + ¢, provides the-intercept (0¢).

However, if information about the maximum or minimum
value of a quadratic function if required, the vertex form of its
equation will provide this. In vertex forrf(x) =a(x—p) +q,

the coordinates of the vertey, () locate the position of the
maximum or minimum point on the parabola.

The equation of a quadratic function in standard form may be
transformed to vertex form by the method of “completing the
square.” The steps are as follows.

Givenf(x) =ax + bx+c:

1. Factor ‘a’ out of the first two terms.

_O2.b.0O
f(x) = an2 toXghe
2. Add and subtract the square of hke)tlﬁnside the bracket.

ob f DbﬁD

f -a + + c

3. Group the perfect square terms and move the subtracted
value outside the brackets, remembering to multiply by ‘a’.

O,,b, ,0bf8 obcf,
f(x)=ax +—x+
(9 =a0¢ + X+ o A *
4. Factor the perfect square.

bf _obcf, .

f(x)= an+ a0l DZaD

Practise, Apply, Solve 4.2, page 314
1. (a) i
f(x)= x* -5x-8

=0 -5+ 22204

4 40
_0e x4 2902532
40 4 4
:§_Eﬁ_ﬂ
20 4
Vertex has coordinate% , —5775

ii. Function has a minimum value sirce 0.

5 .
iii. x= > produces this minimum value.

iv. The minimum value is %7 (or —14.25).

(b) i.
f(x) = —2x% +16x-17

= —2(x2 —8x)—
= 2(x? -8x +16-14- 17
= 2(x* -8x+16 - (-)(- 14 - 17

= -2(x - 4)* +15
Vertex has coordinates (4, 15).
ii. Function has a maximum value sirece 0.
iii. Maximum occurs wher= 4,
iv. Maximum value is 15.

126

© i
f(x) = -4x° -6x-5

:4% =X U g

90
=—4 +— — -5
% 16 160

_B90_
4§< += X+1_6D (4)Etl._GD 5

__4% 3 _ 11

Vertex is atD—§ 11D
04’

ii The function has a maximum value siace 0.

(or (-0.75, =2.75)).

iii. Maximum value occurs whexre= —% (or =0.75).

iv. Maximum value of the function islz1 (or =2.75).

@) i
f(x)= —% x* +2x-9

—%(x2 —4x)—9

= —%(x2 —4x+4-4-9

:—;( 4x+4 ——%4
—%(x—z)z—

Vertex is at (2, -7).

ii. Function has a maximum value sirece 0.
iii. Maximum value occurs where= 2.

iv. Maximum value of the function is —7.

2. (a) f(¥) = (x— 3) — 8) hast-intercepts at (3, 0) and (8, 0).
The vertex is halfway between these intercepts and so its

+
x-coordinate is%3 or 5.5. The correspondirygcoordinate

is found by substituting 5.5 forin the function equation.
f(5.5) = (6.5-3)(5.5-8)

= (2.5)(-2.5)

=-6.25
Vertex has coordinates (5.5, —6.25). Siace0, the parabola
opens up.

(b) f(x) = -2 — 1) + 2) hasc-intercepts at (1, 0) and
(-2, 0). Thex-coordinate of the vertex %# or-0.5.

They-coordinate i$(-0.5).
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f(-0.5) = -2(-0.5 - 1)(-0.5 + 2)
=-2(-1.5)(1.5)
=45
Vertex has coordinates (-0.5, 4.5).
Sincea < 0, the parabola opens down.

-5 +
(c) f(x) =-0.7(1.1 x%)(3.2 +X)

=0.%—-1.1)k+ 3.2
Graph has-intercepts at (1.1, 0) and (—3.2, ®coordinate

1.1+(-32
2

of vertex is= or —1.05. The-coordinate of the

vertex isf(—=1.05).
f(-1.05) =0.7(-1.05 — 1.1)(-1.05 + 3.2)
=0.7(-2.15)(2.15)
=-3.23575
Vertex has coordinates (-1.05, —3.23575).
Sincea > 0, the parabola opens up.

__50,_2m , 10
(@) 109 = 6% 3D]X+ 60
: 2 0 o1l
Graph ha\3(-|ntezrceptsD§,0D and 0 E’O

2,010

. . 0 ed .
x-coordinate of vertex |s?% or % They-coordinate

O
O

of the vertex i§ %B
olo_ st 2o |, 10
4 el 34 6U
__50 550
~ 60 120120
125
= 564 €0.19

Vertex has coordinate L ,£5D.
8640

Sincea < 0, the parabola opens down.

Part 2: Functions

3. (a) f(X) = 2¢ — &
=x-3)
Graph has-intercepts at (0, 0) and (3, O}:-coordinate of

+
vertex is%% = 1.5. y-coordinate of vertex is:

f(1.5) = 2(1.5) - 6(1.5)
=-45
Vertex is at (1.5, —4.5).
Sincea > 0,f(xX) has a minimum value.
(b) h(t) = -5+ 1%
=—ft-3)
Graph has-intercepts at (0, 0) and (3, O}-coordinate of

+
vertex is%% or 1.5. y-coordinate of vertex is:

h(1.5) = -5(1.5) + 15(1.5)
=11.25
Vertex is at (1.5, 11.25).
Sincea < 0, h(t) has a maximum value.
(c) S(t) =—4.9%+ 19.6 + 22

x-coordinate of vertex isﬂ.: 196 =2
2a  2(-4.9

y-coordinate of vertex ig(2):

5(2) = —4.9(2§ + 19.6(2) + 22

=41.6

Vertex is (2, 41.6).

Sincea < 0,5(t) has a maximum value.

(d) f(x) = 2.5¢ - 1% — 24

. . b 15
x-coordinate of vertex ISZ_a =——=3

2(2.5

f(3) = 2.5(3) — 15(3) — 24
=-46.5
Vertex is at (3, —46.5).
Sincea > 0,f(x) has a minimum value.

4. Revenue = Number of items sotdPrice of each item

@) I.R(X) =x(—x+7)

R(X) = = + 7x is the revenue function.

ii. The graph oR(x) opens down sinca< 0. R(x) has a
maximum value x-coordinate of the vertex for the graph is

Sincex is in thousands, this means that 3500 items must be
sold to maximize revenue.
The price ip=—x+7
=-35+7
=3.50r $3.50
O maximum revenue is 3500$3.50 = $12 250.
(b) i. R(X) =x(=3x + 11)
RX) = -3¢ + 11x is the revenue function.
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ii. x-coordinate of vertex is:
_b = 11 =1.833
2a 2(-3
O 1833 items sold will maximize revenue. (Note that in real-
life terms,x must be a whole number.)
The price ip=-X+ 11
=-3(183 +11
=5.5or $5.50
O maximum revenue is 1838%$5.50 = $10 081.50.
() i. R(X) =x(-0.4x + 14)
RX) = —0.4¢ + 14x is the revenue function.
ii. x-coordinate of vertex is:
b _ 14 _
2a 2(-0.4)
0 17 500 items sold will maximize revenue.
The price ip=-0.4(17.5) + 14
=7or$7
O maximum revenue is 17 560$7 = $122 500.

5. P(X) = R(X) — C(xX)
(@) i.P(X) = > + 24x— (1 + 28)
=¥ + 24— 1X - 28

=¥ + 1% - 28
ii. Xx-coordinate of vertex is
b _ 12
2a  2(-)

Value ofx that maximizes profit is 6.
(b) i. P(X) = =2 + 3 — (14 + 45)
=&+ 3X%—14&-45

=2+ 1& - 45
ii. Xx-coordinate of vertex is
_b - 18 _ 4.5
2a 2(-2)

Value ofx that maximizes profit is 4.5.
() i. P(x) = =3¢ + 26x — (& + 18)
=8 +26x— & - 18

=8+ 1& - 18
(i) x-coordinate of vertex is
_b_ 18 _
2a 2(-3

Value ofx that maximizes profit is 3.
(d) i. P(x) = =2¢ + 25 — (X + 17)
=&+ 2% - X-17

= +2X-17
ii. Xx-coordinate of vertex is
_E _ =22
2a 2(-2)

Value ofx that maximizes profit is 5.5.

6. (a) Revenue = Number of items soldPrice of each item
UsingR(x) to denote the revenue function,
R(X) = x(-5x + 21)
= -5 + 2Ix
(b) UsingP(x) to denote the profit function,
P(xX) = R(X) —C(X)
=52+ 21x— (& + 14)
—5C + 2Ix — 4x— 14
50+ 1% - 14
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(c) P(x) = 56 — 3.4) — 14

=-5¢-3.4+289-2.89)-14

=-5€ - 3.4+ 2.89) +14.45-14

=-5(— 1.7+ 0.45
The value ok that will maximize profits is 1.7, which
represents 1700 items.
(d) The break-even quantities are given byxtirercepts
for P(X). To find these, we s&(x) = 0. (or use the quadratic
formula to obtain the roots)
5+ 1%-14=0
(-x+7)x-2)=0
-5x+7=00x-2=0

7=X xX=2

1.4 =
The break-even quantities are 1400 items and 2000 items.

(e)

7.C(x)=0.28¢-0. %+ 1

The most economical production level is the level at which
the cost is a minimum. This will occur at the vertex on the
graph ofC(x). We only need the-coordinate of the vertex to
answer the question. Thiscoordinate is:

_b_ 07
2a  2(0.28
=1.25

0 1250 items per hour is the most economical production
level.

8. h(t) =—-4.92+ 6+ 0.6
We need both coordinates of the vertescoordinate is:
Db o1

2a 2(-4.9
y-coordinate i$(0.612) = —4.9(0.612)+ 6(0.612) + 0.6

=2.437  (to 3 decimal places)

The ball reaches its maximum height when0.6 seconds.
The maximum height reached by the ball is about 2.4 m (to 1
decimal place).

9. Let the numbers beandy. Thenx +y =10
ys010 —x
The product of the numbefB,= xy
XE0 —X)
2+ 1
3 1)
3 10 + 25 — 25)
33 10 + 25) + 25
x—5f+ 25
The maximum value th& can take is 25.
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10. Letf(x) = 2¢ - &+ 9

Complete the square to find the minimum value possible for

f(x). We knowf(x) has a minimum value sinee> 0.
f(X) =264 —4x) + 9

=23 -&X+4-4)+9

=203 -4 +4)-8+9

=2k-2¥+1
The minimum possible value ff(x) is 1. Therefore,
23 — &+ 9 can never be less than 1.

11. The function equations fd{x) andg(x) are both in the
form ax’ + bx + c wherea < 0.
Letf(X) = a,x® + byx + ¢; andg(x) = a,® + bx + ¢,
Thenf(x) + g(X) = a, ¢ + bx + ¢, + aX* + bx + ¢,

= +a)x’ + (b + by)x + (Cy + ©)
Since this new function is in the forax + bx + ¢ and since
we knowa, +a, < 0 (sinceg; < 0 anda, < 0),f(x) +g(X) is a
guadratic function and its graph opens downward. The
position of the vertex in relation to those f6¢) andg(x) is
more difficult to show algebraically. However, if students

investigate several examples, using a graphing calculator,

they will soon natice that thecoordinate of the vertex is
always in between thecoordinates of the vertices fffK)
andg(x). They-coordinate of the vertex fdfx) + g(x) may
be above, in between, or below thoseffgy andg(x)
depending on the positions fgk) andg(x). Some examples
are shown here. Darkened curves repregnt g(x).

" / AME Flotz Flotz
~hy=
~Me=
=

Flotl FlokE Flet:
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[g Flofl Flofi Fletl

wNAE 2R TR
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wYe=
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wY =

12. (a) Letx represent the number of additional trees

planted. Then the total number of apple trees =25 +

Yield per tree = (500 — X

Total yieldY(x) = (25 +x)(500 — 1)

To find the value ok which provides maximum yield, find

thex-coordinate of the vertex.

Method A

x-intercepts foY(x) are (—25, 0) and (50, 0).

x-coordinate of vertex is halfway between —25 and 50

-25+50 _ 125

MR CZRE=F R+
B -HEEEE-2
R CARE—dRtE

Part 2: Functions

Method B
Y(X) = —10¢ + 25 + 12 500
= —10¢ — 25) +12 500
=10 — 25+ 12.%) + 10(12.5j + 12 500
=10 — 12.5% + 10(12.5§ + 12 500
x-coordinate of vertex is 12.5.

Since you cannot plant half a tree, 12 additional trees should

be planted, ie. a total of 37 trees will maximize the yield.
(b) Revenue = Yielda Price per apple
0 R(X) =Y(x) x 0.15
=-1.% +37.5+ 1875
andC(x) = number of trees cost per tree
= (25 %) x 6.50
= 1625+ 66
Profit = Revenue — Cost
P(X) = —1.5¢ + 37.5+ 1875 — 162.5 — 6x5
=15+ 3x+ 17125
x-coordinate of vertex is:

_b_ 381
2a  2(-15
=10.3

10 additional trees should be planted to maximize profit, ie. a

total of 35 trees will maximize the profit.

13. (a)
1rRE'5|

Eilhemer .

. QBFBY T P57

Demand function ip(x) = -2 + 29
(b) RevenudR(X) = x(—=2x + 29)
=32+ 2%
(c) ProfitP(x) = R(X) — C(xX)
=38 + 2K — (K + 44)
=-2¢+ 20— 44
Completing the squar@(x) = —26 — 10x) —
= %2 1X + 25 — 25) — 44
= %2{ 1 + 25) + 50 — 44
=x2(5f+ 6
Maximum profit occurs wher = 5.
5000 pizzas should be sold to maximize profit.
Or, enteP(x) in a graphing calculator and use “CALC
Maximum” to obtain coordinates of vertex.

I-! '19!9!1!93 =5

14. (a) Looking at the table, the maximum yield is around
44 200 kg/hectare.
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(b) Whenx is zeroy must be zero[d the graph will always pass

L@ngEh R e through the origin, whatever the valuesaatndb.
EE%EI-_E_ %1 %3439 (a) Leta=-2, and choose valuestofrom —6 to +8.
b=9&5, 4920535 Convert each equation to vertex form and list vertex
E?;Egaﬁg %EE H’ coordinates.
i . Standard Form Vertex Form (b) Vertex
7 =_2¢— ®< = 2K+ 15f+45 | (-1.5, 4.5)
Quadratic regression provides the model y=-2¢— y=—2K+ 1 + 2 (-1, 2)
y:—344(2+ 965 — 243. __2(2 2( 1[7r 1 0 1 1D
(c) Using the CALC Maximum function, the optimal amount y= —2% +=—- + = 0 2°'50
- 20 2 22
of water is 1.40 hectare-meters. 5 5
y= 2+ Ox y= - (05 O)
= y - _2(2 + Z( 1 Dl }D
Y= ‘2% t2 | 2o
y:—2xz+4x y——2(x—1)2+2 1,2
Nt S e774 Py 39009 - y= _2(2 + & y=-2k-15f+45 | (15,45)
y=-2¢ + 8 y=-2(—2f+8 (2,8)
15. (c) By inspection, the relationshipys= 2¢. (or enter

coordinates into lists in a graphing calculator and do a
guadratic regression to obtain the equation.)

House The vertices all lie on the same parabola with equation
y =24,
w
Vegetable
X X
garden
24 — 2x (d),(e) You can repeat the above process wil#ft as a
Let the width of the garden lxan. Then the length is variable.
24 —Xxm. Standard Form | Vertex Form Vertex
Area of garden ;((242— X) y=ax - & 0 3f 9 B _ 90
A = —2C + 2 y=ap-on "L | Dol
The largest garden is the one with the greatest area. We need—— 2 2
to find the value ok that produces the greatest area. y=ax —& y= DX_ZDZ _4 EE _Aa0
A®X) = —26¢ — 1) 7730 "a | e’ &l
=2 — 1% + 36 — 36) y=axX — X O 1f 1 M _ 10
=21 — 1X + 36) + 72 Y=847"30 "3 | &’ ab
A :;|2§_6)2+t72t hen= 6. The dimensions of th y=ax y=ax 0.9
sonars G o o Thedmersinsofve | y=otn | a3 1 |n1 I
y aD all a 0a al
16. Let the number of days which elapse before the steeris | ¥~ ax’ + & x+ DZ f 02 _40
sold bex. Afterx days, the steer weighs 135 +3.Kg. Y=g Ua al
Market price is $(1.65 — 0.8 per kg. Revenue from sale of y=ax + 6 3D2 9 03 90
steer,R(X) = (135 + 3.%)(1.65 — 0.0%). The cost to keep the y= aDX+_ 0a al
steer forx days is $0.84Q —
Profit = Revenue — Cost y=ax+ 8 y= an+ 4D2 16 E—ﬂ —Eg
0 Profit P(x) = (135 + 3.%)(1.65 — 0.0%) — 0.8« a a
=22275-185 5.77% — 0.035% — 0.80 This time the vertex coordinates are relatedr by-ax. The
=-0.035+ 3.625% + 222.75 vertices are all on the same paralota-ax.
To find the value ok that maximizes profit, we need to find
thex-coordinate of the vertex for the graphRk). 18. (a) A quadratic function may be written in
dinate of vertex i b  -3625 . 5179 standard formf(x) = ax? + bx + ¢, in factored form,
x-coordinate ot vertex 'S_E T 2(-003y f(x) = a(x —p)(x —q) or in vertex formf(x) = a(x —h)? + k
The steer should be sold after 52 days to maximize profit. (b) For example, the functiag(x) = -2 — 1)k + 4) is in
factored form and may be transformed to standard form by
17. y = ax + bx = x(ax + b) expanding the bracketg(x) = -2 + 3 — 4)

Sog(x) = —2¢ — 6x + 8 in standard form.

130 Nelson Mathematics 11 Solutions Manual



This may then be transformed to vertex form by completing
the square.
9() =26 + 3x) + 8

=20 +X+15-1%)+8

=20+ X+ 1.5 +2(15%+8
g(X) = -2k + 1.5% + 12.5 in vertex form.
(c) In factored formg(x) = -2k — 1) + 4) thex-intercepts
and direction of opening are clear to see. dtxy, the
x-intercepts are (1, 0) and (-4, 0) and the parabola opens
downwards, sinca < 0.
In standard form, thg-intercept and also the direction of
opening are clear to see. Fx) = —2¢ — 6 + 8, the
y-intercept is (0, 8) and the parabola opens downwards as
before.

In vertex form, the coordinates of the vertex are clear to see.

Also, the maximum or minimum value of the function is
given by they-coordinate of the vertex. For

g(X) = -2 + 1.5% + 12.5, the vertex is at (-1.5, 12.5). Since
a< 0, the graph opens downwards afx) has a maximum
value of 12.5 wher = —-1.5.

(d) Factored form is useful if you need to know the
x-intercepts or zeros of a function. For instance, if the
function was a profit function, these would give the break-
even quantities.

Standard form is useful if you need the zerog-iotercepts

but the function equation does not factor. With the equation
in standard form, it is easy to use the quadratic formula to
obtain the zeros. Again, these might be break-even points.
Vertex form is useful if you need to know a maximum or
minimum value or where this occurs. For example, you
might want to know the maximum height reached by a ball
thrown in the air, and also, how long it takes for the ball to
reach this maximum height. The maximum height would be
given by they-coordinate of the vertex, and the time to reach
this height by the-coordinate.

19. h(t) = —4.9% + vt + h,
To find the time to reach the maximum height, we need the
equation in vertex form.

Vo 11
h(t) = ~4.9-12 Sty

Oy Vo, .0 Volf 0O VO
=-490* - %t+ -0 -0
2 e "0 ag 0 am
0, vy, .0 VofO 0 il
=—4.90° --2t+ -2 4.9) -2 +
et oe B 49 ge0 T
Vo I . W2
=-491-—C0- + 2+
Ef 080 "196"®

Time to reach maximum heighti;\).alo?3 seconds.

Part 2: Functions

X
Let the length of each side of the triangular part of the
playground be represented bynetres. Then two sides of the
rectangular part also has lengtimetres and the other two

sides are eaclg’og—gx metres as shown. lfmetres is the

height of the equilateral triangle shown, then, by the
Pythagorean Theorem:

h? + oxf x?
20O
h? = x? _x
4
_N3
2
Alternatively, using trigonometry:
J3

h=xsin 60 =— x
2

Area of triangular part of playground is:
O
1 X% o= RERe
Total area of playground
= area of triangle + area of rectangle
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Call thisA(x) and putA(x) in completed square form: 1000 m, but there will be no rectangular field area for the

A(X) physical education department.
\/7 6U (b) Area of rectangular portion
X -
2 §< \f 5 % Area of rectangle 2x(250- Tx)
0 = -2m?
\/7 6[|2 0 30 F O 30 EFD 21X +500x
_250
4 @ 6 %;}3 o %}3—6%% =21t} -2
O
f 6D2 E?E_D@ 6.0 30 - 5 DZ_@H 125 1250
4 @ 6 Ba-o g ] %}3 6 H TR e T e H
@—GD 30 & 225 _ o2 250 +12§D D1252D
= + - == —
4 9 \/5 - 6% @ -6 T[H( H H
: - |30 |. 125@2 2( 125
The value ok, which maximizes A(x), i$—-——— =7.03 -2
0 s oy 2
The pentagonal play area with the maximum area will have 3 The maximum value of this area occurs When&%
sides of length 7.03 m and two of length s
30-3703 . In this case, the length of the straight part of the track will be
‘ ) 250- TlDl— =125m. This is long enough for the track team
The dimensions of the rectangle are 7.08 ;46 m. The Um0
dimensions of the triangle are 7.03x17.03 mx 7.03 m. to be able to run the 100 m dash.
21. Practise, Apply, Solve 4.3, page 325
250 — 1iX
1. (@)
]
TIX ' TIX
|

radius =x
Let the radius, in metres, of the semicircular ends be
represented by. Then each semicircular end has length
™ m. Since 2 laps is 1000 m, one lap is 500 m and so the ];(bx)) = 2(—1.2f - 5 has 2 zeros.
straight parts are eac 00— 2 =250- ¢ m.
() Total area contained = Total area of 2 ends + area of
rectangular

™ + (250 —TX)

Denoting this area bi(x),
A(X) = ¢ +500% —210¢ -
f(x) = —1.5 + 3¢ + 1.2 has 2 zeros.

= -x? +500x
(©)
_ —n%z 500 N
s 0
- 52 50,0 032_5_2_@2%
s 0 nd O O
| |
- -k _250if , 256
n U i f(X) = —4( — 3.6§ has one zero.
The value ok, which makes A(x) a maximum, is (d)

250 =79.58m. In this case, the length of the rectangular
T

part of the track is:

250- T = 250- T2200=
T O
The track is entirely circular with radius 79.58 m. This will

satisfy the track coach, since two laps around the track will be f(x) = 0.5& — 3.2} + 2 has no zeros.

=0
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