Call thisA(x) and putA(x) in completed square form: 1000 m, but there will be no rectangular field area for the

A(X) physical education department.
\/7 6U (b) Area of rectangular portion
X -
2 §< \f 5 % Area of rectangle 2x(250- Tx)
0 = -2m?
\/7 6[|2 0 30 F O 30 EFD 21X +500x
_250
4 @ 6 %;}3 o %}3—6%% =21t} -2
O
f 6D2 E?E_D@ 6.0 30 - 5 DZ_@H 125 1250
4 @ 6 Ba-o g ] %}3 6 H TR e T e H
@—GD 30 & 225 _ o2 250 +12§D D1252D
= + - == —
4 9 \/5 - 6% @ -6 T[H( H H
: - |30 |. 125@2 2( 125
The value ok, which maximizes A(x), i$—-——— =7.03 -2
0 s oy 2
The pentagonal play area with the maximum area will have 3 The maximum value of this area occurs When&%
sides of length 7.03 m and two of length s
30-3703 . In this case, the length of the straight part of the track will be
‘ ) 250- TlDl— =125m. This is long enough for the track team
The dimensions of the rectangle are 7.08 ;46 m. The Um0
dimensions of the triangle are 7.03x17.03 mx 7.03 m. to be able to run the 100 m dash.
21. Practise, Apply, Solve 4.3, page 325
250 — 1iX
1. (@)
]
TIX ' TIX
|

radius =x
Let the radius, in metres, of the semicircular ends be
represented by. Then each semicircular end has length
™ m. Since 2 laps is 1000 m, one lap is 500 m and so the ];(bx)) = 2(—1.2f - 5 has 2 zeros.
straight parts are eac 00— 2 =250- ¢ m.
() Total area contained = Total area of 2 ends + area of
rectangular

™ + (250 —TX)

Denoting this area bi(x),
A(X) = ¢ +500% —210¢ -
f(x) = —1.5 + 3¢ + 1.2 has 2 zeros.

= -x? +500x
(©)
_ —n%z 500 N
s 0
- 52 50,0 032_5_2_@2%
s 0 nd O O
| |
- -k _250if , 256
n U i f(X) = —4( — 3.6§ has one zero.
The value ok, which makes A(x) a maximum, is (d)

250 =79.58m. In this case, the length of the rectangular
T

part of the track is:

250- T = 250- T2200=
T O
The track is entirely circular with radius 79.58 m. This will

satisfy the track coach, since two laps around the track will be f(x) = 0.5& — 3.2} + 2 has no zeros.

=0
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2. (a) f(x) = —2k—-3f—4,a=-2,k=-4 6. The profit functions for each machine are:

Sincea andk have the same sigffx) = -2 — 3} — 4 has no Machine A:

Zeros. PA(X) = (—4x + 42.5x — (4.1x + 92.16)
(b) f(X) =3+ 2.57+3.2,a=-3,k=+3.2 =—4°+38.4-92.16

Sincea andk have opposite signfx) = -3k + 2.5f + 3.2 Machine B:

has two zeros. Pg(X) = (—4x + 42.5x — (17.% + 19.36)
(c) f(x) = 4+ 2F, a=4,k=0 =42+ 24.6¢—19.36

Sincek = 0,f(X) = 4(x + 2) has one zero. Machine C:

(d) f(X) =6.2—3.57+ 4.4,a=+6.2k=4.4 Pc(X) = (—4x + 42.5x — (8.8 + 55.4)
Sincea andk have the same sigffx) = 6.2 — 3.57 + 4.4 = 4%+ 33.%—55.4

has no zeros. F: R T T

3. @fX=2¢+X+1

b? — dac= 3 - 4(2)(1)
=1 w=u| =i
Sinceb? — 4ac > 0,f(X) has two zeros. Using Machine A, the graph of the profit function has only
(b) f(x) = -3¢ +5x—3 onex-interceptP,(X) = 0 whenx = 4.8. The company will not
b? — 4ac= 5 — 4(-3)(-3) make a profit, but will break even if they sell 4800 items.
=25-36 " b
=-11

Sinceb? — 4ac < 0,f(X) has no zeros.
(©) f(x) = %% — 4x+ 2
b? — dac = (-4} — 4(5)(2)
=16-40
=-24
Sinceb? — 4ac < 0,f(X) has no zeros. b

2 e 5] EET
Hu.BawERpuY  Teo HEE2ZT00E  Ted

4. (Q)3-x+1=0
b? — dac = (-2 — 4(3)(1)

- [, =TT ]

=4-12 HE2 47408 TridMias

=-8 Using Machine B, the graph &§(x) has twax-intercepts.
Sinceb? — 4ac < 0, this equation has no real roots. Pg(X) = 0 whernx = 0.927 anc = 5.223. The company breaks
(b) —26—1.3f +5=0, even at 927 items, then profit increases to a maximum at 3075
a=-2k=5 items before falling off to a break-even point at 5223 items.
Sincea andk have opposite signs, the equation has two roots. Maximum value oPg(x) is 18.462.
(€) -3&—4)x+1) =0 3 3
Xx=4orx=-1
The equation has two real roots.
(d) =7k—4f=0,a=-7,k=0
Sincek = 0, this equation has one root.

] ] x a1l e x
Hz2 2IMEEC =) nea lBE11E V=0

5. (@) f(X) =x*—6&x+7
b? — dac = (—6F — 4(1)(7) E

=36-28

=8
Sinceb? — 4ac> 0,f(X) has two zeros. The graphf(f)
intersects the-axis in two points.
(b) f(x) =9 —x*=(3-X)(3 +X) o0 t=1t cBogas
f(xX) has two zeros. The graphf@f) intersects the-axis in Using Machine C, the graph BE(x) = 0 wherx = 2.239 and
two points. X = 6.186. The company breaks even at 2239 items, then
(c) f(x) = (4 +X)° profit increases to a maximum at 4213 items before falling off
The graph of(x) touches the-axis.f(x) has one zero. to a break-even point at 6186 items. Maximum value.(f)
(d) f() = —2&-1f-1,a=-2,k=-1 is 15.581.
Sincea andk have the same sigftx) has no zeros. The According to the models given, by using Machine B, the
graph off(x) does not intersect theaxis. company will begin to make a profit sooner than with either

of Machine A or C. Also the maximum profit possible is
higher with Machine B than with A or C. Recommend use of
Machine B.
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7. f(x) =k — 4 + Kk
If f(x) has no zerod? — dac< 0.
(47 - 4K <0
16 -W¥<0
16 <l
k-2 ork>2
f(X) has no zeros when< -2 ork > 2.

8. g(X) = 4% — 4+ m
If g(x) has one zerdy? — 4ac= 0.
(—4F - 44)f) =0
16-1,m=0
16=16
1m
g(X) has exactly one zero whemn= 1.

9. 3¢+ 4x+k=0
b? - dac = £ - 4(3)K)

=16-1®
For noroots, 16 1R< 0
16< 1%k
ﬂ <k
3

If k> g the equation has no roots.
For oneroot, 16 1= 0

k=2
3

If k= g the equation has exactly one root.

For two roots, 16 12> 0
16> 1%k

ﬂ >k
3
If k< g the equation has two roots.

10. f(x) =x® —kx+k+ 8

If the graph off(x) touches the-axis,f(x) has exactly one

zero, and? — 4ac=0.
b? — dac= (K)*> - 4(1)k + 8)

=2 — 4&k-32
Sok®—4%k-32=0
k-8)k+4)=0
k8 ork=-4

11. If p* + 48 = —14, thenp®*+ 140+ 48 =0

For this to be possible, the equation must have roots, (which
correspond to the zerosfgp) = p? + 14p + 48). The L.S.
factors: p> + 14p + 48 = p + 6)(p + 8). So the equation
becomesy + 6){ + 8) = 0, which clearly has two roots,

p = —6 orp = 8. Itis therefore possible fpt + 48 to equal
—14p. This occurs whep = -6 and whep = -8.

12. No. A quadratic function has a graph which is a
parabola. Itis U-shaped and either opens up, down, right, or
left. The graph only turns around once. This is why it will
only cross the-axis in at most two places.
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13. When the data is entered in a graphing calculator and a
guadratic regression is done, the equation produced is
y=0.4¢ + 31x + 87.
BIFET: [SF=T=]
=g L bk 3
a=, 2972214228
b=31l. 8292257

c=8&,9
Ri=, 9993560244

According to the mode(x) = 0.4¢ + 31x + 87.
If revenue is $60 per item, the revenue funcigxg = 6k
If the plant breaks even, Revenue = Cost,

%66 0.4¢ + 31x + 87
Using a graphing calculator, you can enter6x in Y, and
see where this intersects the cost function graph.

e .
Inbarjgstisn -4
=2+ 187819 V=190 npEas

Using CALC intersect, the plant breaks even wker.168.
This represents a production level of 3168 items.
Alternatively, solve the equation 8%+ 31x + 87 = 0 using
the quadratic formula.

14. () =5 + Vgt — %gt2

Since Tony is 10 metres below grousgs —10.
S(t) = —10 +yt — 4.92
The graph of this quadratic function opens downward since
a< 0. If the cell phone is to reach Eugenia, it must reach a
height of at least one metre above ground, so she has a chance
to catch it.
If s(t) = 1, then 1 = —10 ¥;t — 4.9% and this equation must
have at least one root. Rearrange the equation:
0=—4.9+yt-11
For this equation to have at least one rbbt; 4ac> 0.
Vo2 — 4(-4.9)(-11r 0

¥ —215.620

¥=215.6

Since Tony will throw the cell phone upwards, we assume
Vo > 0.
Soifvy = 215.6

y = 14.68
Tony must give the cell phone an initial velocity of at least
14.68 m/s if Eugenia is to have a chance to catch it.
N.B. For the cell phone to just reach ground level, the
equation 0 = —10 ¥,t — 4.92 must have at least one root.
Thenv,? — 4(-10)(-4.9% 0

¥—196=0
A= 196
o214

In this case, the cell phone has “reached” Eugenia but she is
unlikely to catch it unless she stoops down and reaches into
the excavation, which might be dangerous.
An alternative approach is to use a graphing calculator and
systematic trial with different values fay.
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The following graphs were produced withset to 10, 14,

and 15 m/s.

e o

/\ X[ [Maxiriuem \ x
Rl 4ZEEFLS  YE0

-

H 1 5305115 =i, H?!E!il
If Tony throws the cell phone up at 10 m/s, it will not reach
the top of the excavation.

With an initial velocity of 14 m/s, the cell phone just reaches
the top of the excavation, but Eugenia only has a split second
to catch it.

If Tony throws the cell phone with initial velocity 15 m/s, it
reaches a height of almost 1.5 metres above the excavation
and Eugenia has a full second to catch it.

15. (a) At the point(s) of intersection? + y* = 25 and
y =X — 1. Substitutg = x — 1 intox? + y? = 25.

X+ (x—1F=25
X+ X% — X+ 1 =25 (Simplify)
2—-X-24=0

26¢ —x — 12) = 0 (Factor)
2xk—4)k+3)=0
% 4 orx = =3 (Solve foK)
Determine correspondingvalues:
y=4-1 y=-3-1
=3 =4
Coordinates of the points of intersection are (4, 3) and (-3, 4).
(b) If the liney =x + k is a tangent, then it only has one point
in common with the circle? + y* = 25. At this common
point,y = X + k andx® + y? = 25.
Substitutey = x + k into X2 + y? = 25
X+ (x+K?*=25
X+ X2+ kx+ K =25
2¢+ kx+kK-25=0
If this equation only has one robt— 4ac=0
(2K*-4(2)-25)=0
42 -8 +200=0
200 &4
50K
k=+7.07
y =x +Kkis a tangent to circle +y* = 25 wherk = +7.07.

16. The break-even points are the points at which costs are
exactly balanced by revenue, so that neither a profit nor a loss
is made. In other words, Revenue — Costs = 0.

(a) To find the break-even points graphically, create the

profit function,P(x) = R(x) — C(x), whereR(X) is the quadratic
revenue function an@(x) is the linear cost functiof’(x) will

be a quadratic function. Graph the profit function and use the

Part 2: Functions

CALC feature to find the break-even quantities, by finding
the zeros of the profit function. The number of zeros will
depend on the position of the graph. The graphs for 3 profit

functions are shown.
Fietl Flotz FIots
wWil=—, DEE R E—
W= EidH-E
WAy i -
Skl |

W=

WM E=

W=

Y

Ty
T
h=. MEYE73E T=0

=

X

/ﬁ“\\ 2ers
He s9mggsz v=e

In the first case, the company breaks even=a0.7 and is
profitable for quite some time. There are two zeros.
The second case shows a non-profitable situation. The
company does not break even. There are no zeros.
The third graph shows a case where the company just breaks
even, wherx = 3, but never makes a profit.
(b) To find the break-even points algebraically, find the
zeros of the profit function by solving the quadratic equation
that results from setting(x) = 0
For example, if the revenue functidi(x) = —0.4¢ + 1« and
the cost functionC(x) = 2x + 3, the profit function,
P(x) = —0.4¢ + 10k — X — 3 = —0.4° + & — 3.
The break-even quantities are the roots of the equation
0.4 +8&-3=0
Using the quadratic formula,

_-8%/64-4-09(-3

2(0.4)

=0.382 or 19618
If x is measured in thousands, these quantities represent 382
items and 19 618 items. The number of zeros will depend on
the sign ob? — 4ac. In this exampley? — 4ac > 0 and so
there are two zeros. bf — 4ac = 0, there is exactly one zero.
If b®> - 4ac< 0, there are no zeros.

17.f(x) = (k+ 1p¢ + Kkx+k—1
Use the discriminar®’ — 4ac to determine the number of

Zeros.

b? —dac= (X)?> - 4k + 1)k —1)
SR -4@-1)
—B-AC+4
=4

Sob? — 4ac > 0 no matter what valdetakes. The function
has two zeros whatever the value&of

18.
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Let the other sides of the triangle have lengtim andy cm,
as shown. If the area is 15 §rthen
Y15
2
xy =30
Also, by the Pythagorean Theorexh# y* = &
2442 =81
Now (X + )2 = X% + 2y + V?
X +y+ Xy
=81+60
=141
and k-y)’ =X — Xy +y
X +y - Xy
=81-60

X—y= 221 --mn-- (2)
We knowx andy are positive since they represent lengths.
Thereforex + vy is also positive, but —y might be positive or
negative.
Add the two equations:
D+(2): 2x=+/141%++ 21

X =8.228 013 646 (to 3 decimal places)
Corresponding values gfmay be obtained by subtracting the
equations (1) — (2) or by using equation (1).

M-(2): 2y=+141++ 21

y=3.646 018 228 (to 3 decimal places)
or(): y=+141-x

=.141-8228

=3.646
or y=+/141- 3 646

=8.228

The length of the other two sides are 3.65 cm and 8.23 cm (to

2 decimal places).

Practise, Apply, Solve 4.4, page 331

1. (a) Integer, rational, real, and complex

(b) Rational, real, and complex

(c) Complex

(d) Irrational, real, and complex

(e) Rational, real, and complex

(f Rational, real, and complex

(g9) Rational, real, and complex

(h) Natural, whole, integer, rational, real, and complex

2. (a) V-16=+162 = 4
(b) V-121=+1212 = 11
€ —~-9=-/92 =-3

(d) v-18=1187 = 3/2

(e) —V28=—282 =-2/7
(f) +-50 =+,50% =+5/2
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3. In each case, simply change the sign of théetm.
(@ 1-i

(b) 2+3

(c) -3+4

(d -7-5

(e) 11+ 11

H 2-+2

4. Check each possible solution by substituting into the given
eqguation and examining the values of the left side and right
side.

(@) ¥*=-16
LS RS
X2 = (4i)? -16
=162
=16(-1)
=-16
Yes, 4 is a solution.
(b) ¥ =-14
LS RS
X2 = (7)? -14
=492
=49(-1)
=-49
No, 7 is not a solution.
(c) ¥+6=5
LS RS
X¥+6=()>+6 5
=-1+6
=5
Yes,i is a solution.
(d) ¥+10=16
LS RS
X2+ 10 = (3)2+10 16
=¢+10
=9(-1) + 10
=1

No, 3 is not a solution.
5. (@
x2+4=0
x? = -4
=4(-)
= 4i?

=2
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